FUNCTIONS OF A COMPLEX VARIABLE
PROBLEM SET 1: COMPLEX ALGEBRA

(1) Verify that
(@) (V2—1i)—i(1—+2i)=—-2i;
() (2,-3)(—2,1) = (—1,8);
© B,1DE-1D(s1)=(21),
(2) Show that
(a) Re(iz) =—Imz;
(b) Im(iz) = Rez.
(3) Usei=(0,1), a =(a,0) and b = (b,0) where a and b are
real numbers to show that

a+ib=(a,b).
(4) Solve the equation 2%+ z + 1 =0 for z = (x, y) by writing
(e, y)(x, ¥) + (x, ) +(1,0) = (0,0)

and then solving a pair of simultaneous equations in x and

y.
(5) Prove the triangle inequality

|21 + 25| < |z1] + |25
(6) Use the triangle inequality in #1 to show the equality
|21 = |25]] < |21 + 25|

(7) Find the principal argument Argz when
(@) 2= =5
(b) z=(v3—10)".

(8) By writing the individual factors on the left in exponential
form, performing the needed operations, and finally chang-
ing back to rectangular coordinates, show that

(@) i(1—+/3i)(vV3+1)=2(1+ +/3i);
(b) 2= =1+2i;
(© (—1+i) =-8(1+1i);
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(d) (14 3i) 10 =2"1"(=1+ +30).
(9) Use de Moivre’s formula to derive the following trigonomet-
ric identities:
(a) cos30 = cos® @ —3cos O sinO;
(b) sin30 =3cos?OsinH —sin® 6.
(10) Use

n+1

l+z+2°+-+z"=

(z#1)
—z
to derive Lagrange’s trigonometric identity:

. T1
1 sin|5(2n+1)60
1+cosf +cos20+---+cosnb =—+ [2 9 ]’
2 Zsin(i)

for0< 0 < 2m.
(11) Find vi.
(12) Letz =re'? be a complex number. Then
Ing=Inr+i(0 +2nmn),

where n is any integer. Show that
(a) e™* always equals z.
(b) Ine* does not always equal z.



